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Abstract
The aim of this paper is to study semigroups with the ideal extension property. We establish a
structure theorem for semigroups with the ideal extension property.
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1. Introduction and main results
A semigroup S is said to have the ideal extension property provided that for each
subsemigroup T of S and an ideal I of T , there exists an ideal J of S such that J ∩T = I. It
was noticed by Garcia [4] that IEP is hereditary and is preserved by homomorphic images.
Also, it is easy to check that every semilattice has IEP. This shows that IEP is a semilattice-
like property of a semigroup. It is an interesting problem to study semigroups with the ideal
extension property. This is the aim of this paper.
The main problem is, of course, to obtain a structure theorem for general semigroups
with IEP. Aucoin [1] investigated various kinds of semigroups with IEP. Aucoin determined
the structures of groups with IEP, commutative semigroups with IEP and other kinds of
semigroups with IEP. Aucoin and Benningfield [2] discussed topological semigroups with
IEP. Recently, the author [6] researched compact topological semigroups with the ideal
extension property.
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578 X. Guo / Journal of Algebra 267 (2003) 577–586The following theorem is our main result, which establishes the structure of semigroups
with the ideal extension property.
Theorem 1.1. A semigroup S has the ideal extension property if and only if S is a
semilattice of semigroups Sα for α ∈ Y which satisfy the following conditions:
(C1) for all α ∈ Y, Sα is an ideal extension of a completely simple semigroup M(Sα) =
M(G; I,Λ;P) with G being a torsion group, and M(Sα) consists of all regular
elements of Sα;
(C2) for all a, b ∈ Sα, either ab ∈M(Sα) or a2 = ab= b2;
(C3) for all a ∈ Sα and b ∈ Sβ , if β < α, then
(i) ab ∈M(Sβ) or ab= b;
(ii) ba ∈M(Sβ) or ba = b;
(C4) for all a ∈ Sα and b ∈ Sβ , if αβ < α and αβ < β, then ab ∈M(Sαβ) or ab = a◦b◦,
where a◦ is the identity of Hara of S (the H-class containing ara ).
A semigroup S is said to satisfy the regularity condition if the set of idempotents of S
constitutes a subsemigroup of S. Based on the above theorem, we may easily prove the
following fact and here we omit the detail.
Corollary 1.2. Let S be a semigroup. Then S has the ideal extension property and satisfies
the regularity condition if and only if S is a semilattice of semigroups Sα for α ∈ Y which
satisfy conditions (C1) and (C2) as well as the following condition:
(C5) for all a ∈ Sα and b ∈ Sβ , ab ∈M(Sαβ) or ab= b or ab= a.
An element x of a semigroup S is called completely regular if there exists an idempotent
f of S such that xHf. By a completely regular semigroup we mean a semigroup each of
whose elements is completely regular. From Corollary 1.2, the following structure theorem
for regular semigroups with the ideal extension property follows.
Corollary 1.3. A regular semigroup S has the ideal extension property if and only if S is a
completely regular semigroup each of whose maximum subgroups is a torsion group.
Remark 1.4. The direct product of two semigroups with IEP need not have IEP. To show
this, let S = {0, a, a2} be a monogenic nil-semigroup generated by a in which a3 = 0.
By the later Lemma 3.1, it is clear that S has IEP. On the other hand, it is easy to see
that the direct product S × S is still a nil-semigroup. Since (a, a)(a,0)= (a2,0) 	= 0 but
(a2, a2) 	= (a2,0)= (a, a)(a,0), by Lemma 3.1, S × S has not IEP. We have now proved
the claim. Thus the class of semigroups with IEP doesn’t constitute a variety. But the class
of regular semigroups with IEP is a sub-e-variety of the e-variety of completely regular
semigroups (for e-variety, see [7]).
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Throughout this paper, we shall use notions and notations of [9]. We now provide some
known results which are used in the sequel.
Lemma 2.1 [1]. Let S be a semigroup, T a subsemigroup of S and I an ideal of T . Then
there exists an ideal J of S such that J ∩ T = I if and only if S1IS1 ∩ T = I.
Lemma 2.2 [1]. Let G be a group. Then G has IEP if and only if G is a torsion group.
Let S be a semigroup. In what follows, we denote by E(S) the set of all idempotents
of S and by RegS the set of regular elements of S. An idempotent e of S is called
primitive provided that for all f ∈ E(S), if f  e, i.e., f = ef = f e, then f = e or
f = 0 if S has zero element 0. An element x of S is called π -regular if there exists a
positive integer n such that xn is a regular element of S. In this case, we call the minimum
positive integer n such that xn is a regular element of S the regular index of x . We shall
denote by rx the regular index of x . S is called a π -regular semigroup if all elements
of S are π -regular. In [8], π -regular semigroups are called eventually regular semigroups.
A π -regular semigroup S is called a GV-semigroup if every regular element is a completely
regular element of S.
Following [3], define relations on a π -regular semigroup S as follows:
aR∗ b if and only if araRbrb,
aL∗ b if and only if ara Lbrb,
aJ ∗ b if and only if ara J brb,
H∗ =R∗ ∩L∗, D∗ =R∗ ∨L∗.
Evidently, the above five relations are equivalence relations on S. But these relations need
not be congruences for a general π -regular semigroup.
For a GV-semigroup S and x ∈ S, we denote by x◦ the identity of Hxrx (the H-class
of S containing arx ). The following facts are due to Bogdanovic´ [3].
Lemma 2.3. The following statements are true for a GV-semigroup S:
(1) J ∗ =D∗ and is a semilattice congruence on S.
(2) Each J ∗-class of S is a completely Archimedean semigroup, that is, a π -regular
semigroup in which all idempotents are primitive.
A semigroup N with zero element 0 is called a nil-semigroup if for all x ∈ N, there
exists a positive integer n such that xn = 0. A semigroup S is called a nil-extension of T
if T is an ideal of S and S/T is a nil-semigroup.
Lemma 2.4 [3]. Let S be a semigroup. Then S is a completely Archimedean semigroup if
and only if S is a nil-extension of a completely simple semigroup.
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rx  3 for all x ∈ S.
3. Proof of theorem
In this section we shall give the proof of Theorem 1.1. We start with verifying the
following technical lemmas. In what follows, we denote by 〈A〉 the subsemigroup of S
generated by A if A is a subset of a semigroup S.
Lemma 3.1 [5]. Let S be a nil-semigroup. Then S has IEP if and only if for all x, y ∈ S,
xy = 0 or x2 = xy = y2.
Proof. Assume that S has IEP. Let x, y ∈ S and xy 	= 0. Then x 	= 0 and, by Lemma 2.5,
x3 = y3 = 0. Put A = 〈{x, xy}〉 and B = 〈A\{xy}〉. It is easy to see that B is an ideal of
A and B ⊆ {x, x2} ∪ xyS ∪ x2yS1. By hypothesis, there exists an ideal J of S such that
J ∩A= B. But xy ∈ J ∩A, so we have xy ∈B. We consider three cases below:
(1) If xy = x, then
xy = xy ◦ y = xy ◦ y2 = xy3 = 0,
a contradiction.
(2) If xy = xyu (u ∈ S), then we have
xy = xyu ◦ u= xyu ◦ u2 = xyu3 = 0,
a contradiction.
(3) If xy = x(xy)u (u ∈ S1), then
xy = x ◦ x(xy)u ◦ u= x2 ◦ x(xy)u ◦ u2 = x3(xy)u3 = 0,
a contradiction.
Summarizing the above proof, we have proved xy = x2 and similarly, xy = y2. The
direct part is verified.
Conversely, suppose that xy = 0 or x2 = xy = y2 for all x, y ∈ S. Let T be a
subsemigroup of S and I an ideal of T . Obviously, I ⊆ S1IS1 ∩ T . Now let s = xuy ∈
S1IS1 ∩ T (x, y ∈ S1, u ∈ I). If s = 0, then 0 ∈ T and so 0 ∈ I since I is an ideal of T .
That is, s ∈ I in this case. If s 	= 0, then xu 	= 0 and hence, by hypothesis,
s = (xu)2 = (u2)2 = u4 ∈ I.
However, s ∈ I. Thus S1IS1 ∩T ⊆ I. Therefore S1IS1 ∩T = I , and hence S has IEP. ✷
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IEP if and only if G has IEP.
Proof. Assume that S has IEP. Then every maximum subgroup of S has IEP. By the Rees
theorem for completely simple semigroups, G is isomorphic to any maximum subgroup
of S. Hence G has IEP.
Conversely, suppose that G has IEP. Let T be a subsemigroup of S and I an ideal
of T . Now let s = xuy ∈ S1IS1 ∩ T (x, y ∈ S1, u ∈ I). Without loss of the generality,
we assume s = (a, i, λ), u= (b, j,µ). Since S is a completely simple semigroup, Hjµ =
{(g, j,µ): g ∈ G} is a subgroup of S and is isomorphic to G. By hypothesis, Hjµ has
IEP and, by Lemma 2.2, Hjµ is a torsion group. Hence there exists a positive integer m
such that um is equal to the identity (p−1µj , j,µ) of Hjµ. It follows that (p
−1
µj , j,µ) ∈ I
and s(p−1µj , j,µ) ∈ T . By the above proof, we have also a positive integer n such that
[s(p−1µj , j,µ)]n = (p−1µi , i,µ) ∈ T . On the other hand, since
s = (a, i, λ)= [(a, i, λ)(p−1µj , j,µ
)](
p−1µi pµjp
−1
λj , i, λ
)
,
we have
[
s
(
p−1µj , j,µ
)]n−1
s = (p−1µi , i,µ
)(
p−1µi pµjp
−1
λj , i, λ
)= (p−1µi pµjp−1λj , i, λ
)=w ∈ T .
Hence s = s(p−1µj , j,µ)w ∈ T IT ⊆ I. But the reverse inclusion is trivial. Thus S1IS1 ∩ T= I, and hence S has IEP. ✷
Lemma 3.3. Let S be a semigroup with IEP and e, f ∈ E(S). If eJ f and e  f, then
e= f.
Proof. Let A= {e, f } and B = {e}. Then A is a subsemigroup of S and B is an ideal of A.
By hypothesis, there exists an ideal J of S such that J ∩ A = B. But eJ f, so we have
x, y ∈ S such that f = xey. Hence f ∈ J ∩A= B and so f ∈B . Thus e= f. ✷
Lemma 3.4. Let S be a completely 0-simple semigroup and S =M0(G; I,Λ;P). If S has
IEP, then S is a completely regular semigroup.
Proof. Denote Hiλ = {(g, i, λ): g ∈ G}. To verify this lemma, it suffices to prove that
each Hiλ is a subgroup of S. This is equivalent to showing that pλi 	= 0 for each pair
(λ, i) ∈Λ× I. To obtain a contradiction, we assume that there exists (λ, i) ∈Λ× I such
that pλi = 0. Since S is a completely 0-simple semigroup, there exist j ∈ I and µ ∈Λ such
thatHiµ andHjλ are subgroups of S. Hence pµi 	= 0 and pλj 	= 0. Let P =Hiµ∪Hiλ∪{0}
and Q=Hiλ∪{0}. It is easy to know that P is a subsemigroup of S and Q is an ideal of P .
Hence, by hypothesis, there exists an ideal J of S such that J ∩ P =Q. But Hiλ ⊆Q, so
we have HiλHjµ ⊆ J. Hence
∅ 	=Hiµ ∩ J ⊆ J ∩ P =Q.
This contradicts the fact Hiλ∩Hiµ =Q∩Hiµ = ∅. Thus each Hiλ is a subgroup of S. ✷
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Proof. It follows form Lemma 2.5 that S is a π -regular semigroup. Let a ∈ RegS. Then,
by hypothesis, J (a)= S1aS1 has IEP. Moreover, the Rees quotient semigroup J (a)/I (a)
is a 0-simple semigroup with IEP, where I (a) consists of the elements in J (a) not
J -related to a and is an ideal of J (a) (for details, see [9]). By Lemma 3.3, J (a)/I (a)
contains a primitive idempotent and J (a)/I (a) is a completely 0-simple semigroup. It
follows from Lemma 3.4 that J (a)/I (a) is a completely regular semigroup and so a is a
completely regular element of S. Thus S is a GV-semigroup. ✷
Lemma 3.6. Let S be a semigroup with precisely one regular D-class. Then S has IEP if
and only if S satisfies the following two conditions:
(1) RegS is a completely simple subsemigroup of S, which has IEP.
(2) For all x, y ∈ S, xy ∈ RegS or x2 = xy = y2.
Proof. Assume that S has IEP. Then, by Lemma 3.5, S is a GV-semigroup. But S
has precisely one regular D-class, so by Lemma 2.3, we have that S is a completely
Archimedean semigroup and, by Lemma 2.4, RegS is a completely simple subsemigroup
of S and an ideal of S. By hypothesis, RegS has IEP. Thus RegS is a completely
simple semigroup with IEP. On the other hand, since S has IEP, the Rees quotient
semigroup S/RegS has IEP and hence, by Lemma 3.1, for all a, b ∈ S/RegS, ab = 0
or a2 = ab= b2. This means that for all x, y ∈ S, xy ∈ RegS or x2 = xy = y2. We have
now proved the direct part.
Conversely, suppose that S satisfies conditions (1) and (2). We claim that S is a
GV-semigroup. To this end, it suffices to verify that S is a π -regular semigroup. To obtain
a contradiction, we let x be not a π -regular element of S. Then x3 /∈ RegS and so by
condition (2),
x2 = x3 = · · · = xn = · · ·
which implies x3 = x3 ◦ x ◦ x3. Hence x3 is a regular element of S. This is a contradiction.
Thus S is a GV-semigroup. Notice that S has precisely one regular D-class, so by
Lemma 2.3, we observe that S is a completely Archimedean semigroup and so RegS is an
ideal of S.
Now let T be a subsemigroup of S and I be an ideal of T . For all s = xuy ∈ S1IS1 ∩ T
with x, y ∈ S1 and u ∈ I, we consider the following two cases:
(i) If s /∈ RegS, then, since RegS is an ideal of S, we have xu /∈ RegS and so, by
condition (2),
s = (xu)2 = u4 ∈ I.
(ii) If s ∈ RegS, denote by x ′ an inverse element of x in S. By the above proof,
ss′x, ys′s, (ss′x)′(ss′x)u ∈ RegS. On the other hand, it is easy to see that P = T ∩ RegS
is a subsemigroup of RegS and Q = I ∩ RegS is an ideal of P . By condition (1),
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M(G; I,Λ;P). Let s = (a, i, λ) and ss′x = (b, j,µ). Then
s = (ss′x) ◦ u ◦ (ys′s)
= (ba−1pµi−1, j,µ
) ◦ (a, i, λ)u ◦ ys′s ∈ (RegS)1Q(RegS)1 ∩P,
so we have s ∈Q.
However, s ∈ I . Hence S1IS1 ∩ T ⊆ I. Thus S1IS1 ∩ T = I and so S has IEP. ✷
Lemma 3.7. Let S satisfy the ideal extension property and be a semilattice of completely
Archimedean semigroups Sα for α ∈ Y. Let x ∈ Sα and y ∈ Sβ with β < α. If S has IEP,
then either xy ∈ RegSβ or xy = y.
Proof. Obviously, xy ∈ Sβ. If y is a regular element of S, then y ∈ RegSβ and so
xy ∈ RegSβ . Suppose now that y is not a regular element of S. Then 2  ry  3.
Without loss of generality, assume that ry = 3. Then y3 ∈ RegSβ but y2 /∈ RegSβ . Let
T = S1βxyS1β ∪ {y, y2}. Since RegSβ is a completely simple semigroup and an ideal
of Sβ , we observe that RegSβ ⊆ SβxySβ and hence T is a subsemigroup of S. As
RegSβ ⊆ SβxySβ , a simple computation shows that
T1 =
{
y, y2
}∪ Sβxy ∪ xySβ ∪ SβxySβ
is an ideal of T . Because S has the ideal extension property, there exists an ideal P of S
such that P ∩ T = T1. But y ∈ T1, so we have xy ∈ P and then xy ∈ P ∩ T = T1. Thus
xy = y2, y or uxyv for some u,v ∈ Sβ1 with at least one of u and v belonging to Sβ .
Similarly, yx = y2, y or pyxq for some p,q ∈ S1β with at least one of p and q belonging
to Sβ . On the other hand, since Sβ is a completely Archimedean semigroup, RegSβ is an
ideal of Sβ . We consider the following four cases:
(1) If xy = uxyv, then
xy = u ◦ uxyv ◦ v = u2 ◦ uxyv ◦ v2 = u3 ◦ xy ◦ v3 ∈ RegSβ.
(2) Assume that xy = y2 and yx = pyxq. A method similar to (1) shows that yx ∈
RegSβ. Take θ(x) = {xn: n ∈ Z+} and U = RegSβ ∪ θ(x) ∪ {y2}. Since RegSβ is an
ideal of Sβ, we have
({
y2
}∪ θ(x))RegSβ ⊆ RegSβ, RegSβ
({
y2
} ∪ θ(x))⊆ RegSβ
and, by the above hypothesis, we have
xy2 = y3, x2y2 = xy3, y2x, y2x2 ∈ RegSβ.
Thus U is a subsemigroup of S. Put V = RegSβ ∪ θ(x). It is easy to see that V is an ideal
of U . Since S has IEP, there exists an ideal Q of S such thatQ∩U = V. But x ∈ θ(x)⊆ V,
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fact α > β. Thus xy ∈ RegSβ .
(3) Suppose that xy = y2 and yx = y. Then
y3 = y ◦ xy = yx ◦ y = y2 = xy ∈ RegSβ.
(4) When xy = y2 and yx = y2, we obtain xy = yx in this case. With the notation of
(2), it is easy to check that U is a subsemigroup of S while V is an ideal of U . Using a
similar argument to (2), we have xy ∈ RegSβ.
We have proved that xy ∈ RegSβ or xy = y. ✷
Lemma 3.8. Let S be a semilattice of completely Archimedean semigroups Sα for α ∈ Y .
Let S have IEP. Then either xy ∈ RegSαβ or xy = x◦y◦ for all x ∈ Sα and y ∈ Sβ with
α > αβ and β > αβ.
Proof. Suppose that xy /∈ RegSαβ . Let T = 〈{x, xy}〉 and T1 = 〈T \{xy}〉. It is clear that
T1 is an ideal of T . Hence there exists an ideal P of S such that P ∩ T = T1 since S
has IEP. But x ∈ T1, so we have xy ∈ P ∩ T and so xy ∈ T1. Notice that every element
of T1 is in θ(x) ∪ θ(x)xy ∪ xyθ(x) ∪ {θ(x)xyθ(x)} or is of the form u(xy)v for some
u,v ∈ S1α ∪ S1αβ with at least one of u and v belonging to Sαβ , we need only consider the
following cases:
(1) If xy ∈ θ(x), then αβ = α, contradictory to α > β.
(2) If xy ∈ θ(x)xy, then xy = xk(xy) for some positive integer k. Hence there exists
a positive integer n such that xy = xkn(xy) and kn  3. Since rx  3 and RegSα is a
completely simple semigroup, we have x◦Hx3 and so
xy = xkn+1y = xkn+1x◦y.
Hence, by Lemma 3.7, xy = x◦y.
(3) If xy ∈ xyθ(x), then xy = xyxk for some positive integer k, and so there exists a
positive integer n such that xy = xyxnk and nk > 3. Since x3Hx◦, we have xy = xyxkn =
xyx◦xnk which implies xy = xyx◦ by Lemma 3.7. Hence, again using Lemma 3.7,
xy = yx◦ and
xy = xyx◦x◦ = x ◦ xyx◦ = x3yx◦.
Thus xy = x3x◦yx◦ and, by Lemma 3.7, xy = x◦y.
(4) When xy ∈ θ(x)xyθ(x), by Lemma 3.7, we have xy = x2y. This case turns into
case (2).
(5) If xy = uxyv, then xy = u3xyv3. Since one of u and v is in Sαβ, one of u3 and v3
must belong to RegSαβ and xy ∈ RegSαβ . This is a contradiction.
We have now proved that either xy ∈ RegSαβ or xy = x◦y. Similarly, x◦y ∈ RegSαβ or
x◦y = x◦y◦. Therefore xy ∈ RegSαβ or xy = x◦y◦. ✷
Proof of Theorem 1.1. Suppose that S is a semigroup with IEP. By Lemma 3.5, S is
a GV-semigroup and so, by Lemma 2.3, S is a semilattice of completely Archimedean
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RegSα is a completely simple semigroup with IEP. Thus, by Lemma 3.2, condition (C1)
holds. The condition (C2) follows from Lemma 3.6. On the other hand, by Lemmas 3.7
and 3.8, we obtain conditions (C3) and (C4). This completes the proof of the direct part.
Conversely, assume that S is a semigroup satisfying the conditions in Theorem 1.1.
Let T be a subsemigroup of S and I be an ideal of T . Clearly, I ⊆ S1IS1 ∩ T . Now let
s = xuy ∈ S1IS1 ∩ T with x, y ∈ S1 and u ∈ I. Moreover, we assume that x ∈ Sα,u ∈ Sβ
and y ∈ Sγ . We consider the following cases:
(1) s ∈ RegSαβγ . It follows from Lemma 3.2 and condition (C1) that each RegSα
has IEP and so every maximum subgroup of RegSα has IEP. Thus every maximum
subgroup of RegSα is a torsion group. On the other hand, since I is an ideal of T , we
have su ∈ I ∩ RegSαβγ , that is, I ∩ RegSαβγ 	= ∅. Thus M = I ∩ RegSαβγ is an ideal
of the subsemigroup N = T ∩ RegSαβγ of RegSαβγ . Since RegSαβγ has IEP (by the
above proof), by Lemma 2.1, we obtain (RegSαβγ )1M(RegSαβγ )1 ∩ N =M. Now let
RegSαβγ =M(G; I,Λ;P). Noticing s ∈ T , we observe su ∈ I ∩ RegSαβγ =M. Denote
s = (a, i, λ) and su= (b, j,µ). But Hjµ = {(g, j,µ): g ∈G} is a maximum subgroup of
RegSαβγ , so we have that Hjµ is a torsion group and hence there exists a positive integer
m such that (su)m = (pµj−1, j,µ). Obviously, (p−1µj , j,µ) ∈M. Because
s = (a, i, λ)= (a, i, λ)(p−1µj , j,µ
)(
p−1µi pµjp
−1
λj , i, λ
) ∈ RegSαβγM RegSαβγ ∩N,
we have s ∈M ⊆ I. Hence S1IS1 ∩ T ⊆ I and thus, S1IS1 ∩ T = I.
(2) s /∈ RegSαβγ .
1) If α = βγ , then, by condition (C2), x2 = s = (uy)2 and uy /∈ RegSα .
(i) β = γ . In this case, uy = u2 and so s = u4 ∈ I.
(ii) Assume β > γ . Because uru is a completely regular element of Sβ and every
maximum subgroup of Sβ is a torsion group, there exists a positive integer k such
that uruk = u◦. Hence u◦ ∈ I. By condition (C3), uy = y and so uny = y for all
positive integers n. Thus u◦y = uruky = y . Hence
s = (uy)2 = y2 = (u◦y)2 = u◦(u◦y)2 = u◦s ∈ I.
(iii) When β < γ . We have uy = u and so s = u2 ∈ I.
(iv) β > βγ and γ > βγ . By condition (C4), uy = u◦y◦ and
s = (uy)2 = (u◦y◦)2 = u◦s.
On the other hand, by the above proof, we have u◦ ∈ I and hence s = u◦s ∈ I.
2) α 	= βγ . We divide the proof into the following cases:
(i) If α > βγ , then s = uy and clearly, uy /∈ RegSβγ .
a) β = γ . In this case, uy = u2 ∈ I.
b) β > γ . We have uy = y and hence s = uy = us ∈ I.
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d) β > βγ and γ > βγ . It follows from condition (C4) that uy = u◦y◦ = u◦s. By the
above proof of 1) (ii), u◦ ∈ I and thus s = u◦s ∈ I.
(ii) When βγ > α. We observe s = x and su ∈ I ∩ Sα . We claim su /∈ RegSα .
Otherwise, since RegSα is an ideal of Sα , s = suy ∈ RegSα , a contradiction. Thus,
by condition (C3), s = su ∈ I.
(iii) α > αβγ and βγ > αβγ . By condition (C4), s = x◦(uy)◦ and hence s = s(uy)◦. By
the above proof, every maximum subgroup of Sβγ is a torsion group and so there
exists a positive integer n (> 3) such that (uy)n = (uy)◦. Since s /∈ RegSαβγ , βγ >
αβγ and y(uy)n−1 ∈ Sβγ , by condition (C3), we have s = (su) ◦ y(uy)n−1 = su ∈ I.
We have now proved that s ∈ I and hence S1IS1 ∩ T ⊆ I. Thus S1IS1 ∩ T = I .
Therefore S has IEP. ✷
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